ON EXACT SCALING LOG-INFINITELY DIVISIBLE CASCADES 



JULIEN BARRAL AND XIONG JIN 

Abstract. In this paper we extend some classical results valid for canonical 
multiplicative cascades to exact scaling log-infinitely divisible cascades. We 
&J[) complete previous results on non-degeneracy and moments of positive orders 

^ 1 obtained by Barral and Mandelbrot, and Bacry and Muzy: we provide a nec- 

essary and sufficient condition for the non-degeneracy of the limit measures of 
these cascades, as well as for the finiteness of moments of positive orders of their 
total mass, extending Kahane's result for canonical cascades. Our main results 
are analogues to the results by Kahane and Guivarc'h regarding the asymptotic 
behavior of the right tail of the total mass. They rely on a new observation 
made about the cones used to define the log-infinitely divisible cascades; this 
observation provides a "non-independent" random difference equation satis- 
fied by the total mass of the measures. The non-independent structure brings 
new difficulties to study the random difference equation, which we overcome 
thanks to Goldie's implicit renewal theory. We also discuss the finiteness of 
moments of negative orders, and some geometric properties of the support. 



1. Introduction 

This paper studies fine properties of one of the fundamental models of pos- 
itive random measures illustrating multiplicative chaos theory, namely limits of 
log-infinitely divisible cascades. 

Multiplicative chaos theory originates mainly from the intermittent turbulence 
modeling proposed by Mandelbrot in [23] . who introduced a non completely rigor- 
ously mathematically founded construction of measure- valued log-Gaussian multi- 
plicative processes. As its mathematical treatment was hard to achieve, the model 
was simplified by Mandelbrot himself, who considered the so-called limit of canoni- 
cal multiplicative cascades in [2" H l25 | [2l)]. The study of these statistically self-similar 
measures gave rise to a number of important contributions that we will describe in 
a while. In the eighties, Kahane founded multiplicative chaos theory in [15 l fT7l fT6] . 
in particular for Gaussian multiplicative chaos (but also with applications to ran- 
dom coverings), providing the expected mathematical framework for Mandelbrot's 
initial construction. Later, fundamental new illustrations of this theory by grid free 
statistically self-similar measures appeared, namely the compound Poisson cascades 
introduced by Barral and Mandelbrot in [4] and their generalization in the wide 
class of log-infinitely divisible cascades built by Bacry and Muzy in [2]; in partic- 
ular [2] found a subclass of log-infinitely divisible cascades whose limits possess a 
remarkable exact scaling property: let (x be the measure on R + obtained as the 
non-degenerate limit of such a cascade. There exists an integral scale T > and a 
Levy characteristic exponent ip such that for all A £ (0, 1), there exists an infinitely 
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divisible random variable Q\, such that E(e iqUx ) = A -1 ^ for all gel, and 
(1-1) (MP, At])) < i <T '= Ae n - ( M ([0, *])) < t <T, 

where on the right hand side (/i([0, t]))o<t<T is independent of e Ux . Moreover, 
((n([u,u 4- i])t>o) u>0 is stationary, and the ^(-measure of any two intervals being 
away from each other by more than T are independent. 

These measures were built on the real line, and higher dimensional versions 
have been built as well (see [30] for generalisations to the higher dimension). In 
particular, in dimension 2 and in the log-Gaussian case, they are closely related to 
the validity of the so-called KPZ formula and its dual version in Liouville quantum 
gravity (see [9] and references therein, as well as [3]). 

The same series of questions which have interested mathematicians for canonical 
cascades naturally occur for log-infinitely divisible cascades. This paper will deal 
with some of them, both by sharpening some known results and proving new ones, 
especially regarding the right tail asymptotic behavior of the law of the total mass 
of such a measure restricted to compact intervals. Our study will be based on, in 
an essential way, an alternative construction of the log-infinitely divisible cascades 
with exact scaling, consisting in making a new choice of "cones" used to build 
them. This new point of view also turns out to have the advantage to make it 
possible to build multifractal processes over R+ combining stationarity and long 
range dependence of their increments along the multiples of an integral scale T, 
and exact scale invariance properties at scales smaller than T over the intervals 
[nT, (n + l)T}; however we will lose the global stationarity of the increments, the 
stationarity being reduced to the semi-group T • N. 

Let us come back to the canonical multiplicative cascades and the related funda- 
mental questions. To build such a random measure in dimension 1, one considers 
for instance the dyadic tree 

embedded in the upper half- plane H (this extends naturally to m-adic trees). Then 
to each point M u one associates a random variable W u , so that the W u , u G 
Uj>i{0j 1} J i are independent and identically distributed with a positive random 
variable W of expectation 1, and one defines a sequence of measures on [0, 1] as 

j j j 

k=l k=l k=l 

a definition which, to be interpreted in the same setting as that used to define the 
log-infinitely divisible cascades studied in this paper, can be reformulated in 

where C 2 - 3 (t) = {z = x + iy G H : -y/2 < x - t < y/2, 2~ j < y < 1} and A is the 
random measure on (H, £?(H)) defined as 

A(A)= 1 °S(W U ). 

u:M u eA 

Indeed, the compound Poisson cascades mentioned above correspond formally to 
the replacement of the tree T by the points of a Poisson point process in H with 
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an intensity of the form ay~ 2 dxdy (a > 0), the process being independent of the 
copies of W attached to its points. 

The sequence (Mj)i>i ^ s a niartingale which converges almost surely weakly to a 
measure [i supported on [0, 1]. Mandelbrot was especially interested in three related 
questions: (1) under which necessary and sufficient conditions is /i non-degenerate, 
i.e. P(/x ^ 0) = 1 ({fi ^ 0} is a tail event of probability or 1)? (2) When (jt 
is non-degenerate, under which necessary and sufficient conditions E(||^|| 9 ) < oo 
when q > 1? (3) When \x is non-degenerate, what is the Hausdorff dimension of \i1 
He formulated and partially solved conjectures about these questions. Then, the 
two first questions were solved by Kahane and the third one by Peyriere in [18] : let 

(1.2) p( 9 )=log 2 E(W«)-(g-l). 

Then fi is non-degenerate if and only if (p'(l~) < 0; in this case the convergence of 
||/Zj|| holds in L 1 norm, and for q > 1 one has E(||/x|| ? ) < oo if and only if ip(q) < 0; 
also, the Hausdorff dimension of /i is — tp'(l~) (Peyriere assumed E(||//|| log + ||/k||) < 
oo, a condition removed in [16]). 

Answers to questions (1) and (2) exploited finely the fundamental equation gov- 
erning the canonical multiplicative cascade and its limit (especially its exact scaling 
properties along the dyadic grid), namely the almost sure relation 

(1.3) Z = 2- 1 (W Z(0) + W 1 Z(1)), 

where Z = ||//|| and Z(0) and Z(\) are the independent copies of Z obtained by 
making the substitution W u := Wq u and W u ■= W\ u respectively in the construc- 
tion. Notice that in (11.3[) we also have (Wo, Wi) being independent of (Z(0), Z(l)). 

Mandelbrot also raised the question of the asymptotic behavior of the right tail 
of Z. Kahane noticed that all the positive moments of Z are finite if and only if 
F(W < 2) = 1 and P(W = 2) < 1/2 (recall that this is also equivalent to tp(q) < 
for all g > 1), and in this case he showed in [18] that 

\oeE(Z q ) 

(1.4) lim -^-J L = i og2 ess sup W < 1. 

q-^-oo q log q 

When there exists a (necessarily unique since <p(l) — and ip is convex) solution 
^ to the equation ip(q) = in (l,oo), Guivarc'h, motivated by a conjecture in [25], 
showed in [T¥] that when the distribution of log(H / ) is non- arithmetic, there exists 
a constant < d < oo such that 

(1.5) lim x c P(Z > x) = d. 

x — foo 

The proof is based on the connection of (|1.3[) with the theory of random difference 
equations. 

An almost necessary and sufficient condition for the finiteness of moments of 
negative orders of Z have been obtained in [37] [2D]. To derive a NSC, rather than 
Z it is convenient to consider Z = W Z where W is a copy of W independent of Z. 
Then combining [B], if \x is non-degenerate, for q > one has E(Z~ q ) < oo if and 
only if <p(—q) < oo, i.e. E(W~ q ) < oo. 

We will consider the previous problems for the limits of log-infinitely divisible 
cascades, whose formal definition will be given in Section 11.31 using a series of 
definitions given in Sections 11.11 and 11.21 The new point of view we adopt on the 
construction of such measures with exact scaling properties yields equation (|1.13p , 
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a natural and essential analogue to (|1.3j) . to which is associated an analogue to 
the logarithmic generating function Lp. This equation does not emerge immediately 
from Bacry and Muzy's point of view which, nevertheless, provides the scale in- 
variance in law for the mass of intervals, a property which now follows directly 
from our approach. The question of non-degeneracy was almost completely solved 
for compound Poisson cascades in [4] ; the same was done for the finiteness of mo- 
ments of positive orders, a result extended to general infinitely divisible cascades 
in [2J. Thanks to equation (|1.13p . we can prove rather easily for the limit /i of log- 
infinitely divisible cascades formally the same results as the sharp result of Kahane 
on non-degeneracy (Theorem and the finiteness of moments of positive orders 
for the total mass of the limit of canonical multiplicative cascades (Theorem II. 2[) ; 
then, these results also hold for the more general family of log-infinitely divisible 
cascades built in [2] , since changing the shape of the cones used in the definition of 
the cascade only creates a random measure equivalent to that corresponding to the 
exact scaling, and the behaviors of such measures are comparable (see [2] Appendix 

E]) - 

Our main results concern the extension of Kahane's result on the asymptotic be- 
havior of E(||/z|| 9 ) when all the moments of positive orders are finite (Theorem ll.3|) . 
and the extension of Guivarc'h's result on the right tail behavior of the distribution 
of ||/i|| in case of moments explosion (Theorem II. 4p ; for these results we require 
the exact scaling property, so that (| 1 . 1 3[) holds. The situation turns out to be 
much more involved than that in the case of canonical cascades, due to the cor- 
relations associated with (|1.13|) . which are absent in (|1.3|) . We first exploit the 
unexpected fact that in Goldie's approach in [13] to the right tail behavior of so- 
lutions of random difference equations, it is possible to relax some independence 
assumptions. Then we must show that at the critical moment of explosion al- 
though E(/i([0, l]) c ) = oo, we have E(/z([0, l/2])^([l/2, l])^" 1 ) < oo under suitable 
(weak) assumptions, which yields (in the non- arithmetic case) 

r CW nn m ^ \ 2E (/x([0, l])C-y([0, 1/2]) - ^([0, 1/2])^) e . 
Inn ^P( M ([0,1]) > x) = Cy / (C) i og2 e (°<°°)- 

The finiteness of E(/x([0, l/2])//([l/2, l]) c_1 ), which is direct in the case of canonical 
cascades, is rather involved here. 

For reader's convenience we will also extend to log-infinitely divisible cascades 
the result on finiteness of moments of negative orders mentioned in the previous 
paragraph (Theorem ll.5[) . though with some effort it may be deduced from [3] and 
[31) ; they provide some information on the left tail behavior of the distribution of 
Finally, thanks to (| 1 . 13|) we can quickly give fine information on the geometry 
of the support of /i (Theorem II .6[) . 

To complete these preliminary considerations, it is worth mentioning that the 
notes also questioned the existence, when the limit \x is degenerate, of a 

natural normalization of /ij by a positive sequence Aj such that Hj/Aj converges, in 
some sense, to a non trivial limit. This problem was solved only very recently thanks 
to progress made in the study of freezing transition for logarithmically correlated 
random energy models [32 and in the study of branching random walks in which 
a generalized version of (11.31) appears naturally [TJI22]- Under weak assumptions, 
when ip'(l~) — 0, fj,j suitably normalized converges in probability to a positive ran- 
dom measure Jl whose total mass Z still satisfies (|1.3[) . but is not integrable, while 
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when (p'(l~) > 0, after normalization jij converges in law to the derivative of some 
stable Levy subordinator composed with the indefinite integral of an independent 
measure of Jl kind [5] . Previously, motivated by questions coming from interacting 
particle systems, Durrett and Liggett had achieved in |10j a deep study of the posi- 
tive solutions of the equation (jl.3l) assuming that the equality holds in distribution 
only. Under weak assumptions, up to a positive multiplicative constant, the general 
solution take either the form of the total mass of a non-degenerate measure fj, or 
of pt, or it takes the form of the increment between and 1 of some stable Levy 
subordinator composed with the indefinite integral of an independent measure of 
fi or Jl kind. Similar properties are conjectured to hold for log-infinitely divisible 
cascades, see ([3] and [8]). 

Let us now come to the definitions (Sections 11.11 and [L2j) required to build log- 
infinitely divisible cascades (Section 1 1.3|) . and our main results for the limits of such 
cascades (Section lO|) . 

1.1. Independently scattered random measures. Let ip be a characteristic 
Levy exponent given by 

(1.6) -0 = 1 e R >->• iaq - -<r 2 q 2 + / (e lqx - 1 - ig£cl|a.|<i) u(dx), 

2 Jr 

where a, a £ R and v is a Levy measure on R satisfying 

z,({0}) = 0and / 1 A |x| 2 v(dx) < oo. 
Jr 

Let H = Rx iR + be the upper half plane and let A be a measure on EI defined as 

X(dxdy) = y~ 2 dxdy. 

Let A be an homogenous independently scattered random measure on H with i/j 
as Levy exponent and A as intensity (see (28j for details). In particular, for every 
Borel set B E B x = {B e B(H) : X(B) < oo} and gel we have 

and for every at most countable family of disjoint Borel sets {Bi} C B\, the random 
variables {A(Bi)} are independent and satisfy 

(1.7) A(\jB^j = ^A(-Bi) almost surely. 

i i 

Let l v be the interval of those g € 1 such that ji x i >1 e qx v (dx) < oo. Then the 
function if) has a natural extension to {z 6 C : — Im(z) G J y }. In particular for any 
q <E I v and every B £ B\ we have 

E ^ e «A(B)^ = e1 />(-t 5 )A(fl) < 

Assume that at least one of cr and v is positive, and assume that I v contains the 
interval [0, 1]. We adopt the normalization 

(1.8) a = - G —-\(f-\~ xl N <i) i/(dx). 
Then for B £ B\ we define 

Q(3) = e A W 
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and by (|1.8p we have 

(1.9) E(Q(B)) = 1. 
More generally for q E I u we have 

(1.10) E(Q{B) q ) = e^- iq W B K 

1.2. Cones and areas. Let 1 = {[s,t] : s,t E R, s < i} be the collection of all 
nontrivial compact intervals. For 7 = [s, t] £ 1 denote by |/| its length t—s. 

For t £ M define the cone 

= {z = .T + iyGH: -y/2 < x - t < y/2} = 7(0) + t. 
For I £ 1 define 

tei 

For I £ I and t e / define 

V'(t) = V(t) \ V(I). 
For I, J El with J C I define 

^(J)=p|^(t) = ^)\m 
te J 

Lemma 1.1. For I,Je1 with J £ I we have 

A(VV))=logj^. 

Proof. A direct calculation. □ 

1.3. Log-infinitely divisible cascades. For e > denote by 

I e = {z£i: Im(z) > e}. 
For I El, t E I and e > define 

v e '(t) = v'(f)ni, 

Clearly we have V/(t) E B\. Moreover, for each e > there exists a cadlag 
modification of (Q(Vj (i))) tgJ . In fact, similar to p. Definition 4], one can define 

A(V/(i)) = A(Af(t)) - A(B e '(t)) + A(Cf ), i e I, 
where (see Figured]) 

= {x + iy EM : y/2 < x <t + y/2} f] H £ , 
£ e J (t) = {i + jj/ei: -i//2<s<(-y/2}nH £ , 

C\ = {s + iyeH: < a; < y/2A (1 -y/2)}nH £ . 




(A) ^(t) 




(B) B e '(i) 





(D) V/(t) 



FIGURE 1. The gray areas for the corresponding sets. 



ON EXACT SCALING LOG-INFINITELY DIVISIBLE CASCADES 



7 



It is easy to see that both A(Al(t)) and A(B*(t)) are Levy processes and A(Cf) 
does not depend on t, thus A(V/(t)) has a cadlag modification. 
We use this to define nl, the random measure on I given by 

Hl{dx) = j--Q(V e I (x))dx, xel. 

The following lemma is due to Kahane |17j combined with Doob's regularisation 
theorem (see [29, Chapter II. 2] for example). 

Lemma 1.2. Given / el, {^{/ t }t>o * s measure-valued martingale. It possesses a 
right- continuous modification, which converges weakly almost surely to a limit \i l . 

Throughout, we will work with this right-continuous version of {A*{/ t }t>0; and 
its limit [i 1 . We give the proof of this lemma with some details, since this point is 
not made explicit in the context of [2]. 

Proof. Let $ be a dense countable subset of Cq(I) (the family of nonnegative con- 
tinuous functions on /). Let fo be the constant mapping equal to 1 over /. For 
/ G $U {fo} and t > define 

lA/tif) = J /(*) = i-J m ■ Q{vi /t { X )) dx 

and 

T t = (a(A(V 1 I /s (x)):xeI; < s < t)) . 
\ 1 y t>o 

Let Af be the class of all P-negligible, J 7 ^ -measurable sets. Then define Qo = a(AT) 

and Q t = cr(Ft UAf) for t > 0. Due to the normalisation (jl.8l) . the measurability of 

(u),t) i-> Q(V/(t)) and the independence properties associated with A, the family 

{/x{/ t (/)}t>o is a positive martingale with respect to the right-continuous complete 

filtration (Gt)t>o, with expectation M(/j,y t ) = Jj f(x) dx < oo. Then from [5^1 

Chapter II, Theorem 2.5] one can find a subset Oq C f2 with P(fio) = 1 such that 

for every u £ il , for each / G $ U {fo} and t G [0, oo), lim r ^ t;re Q n[/ r (f) exists. 

Define 

Ai/t (/) = lim Mi/r(/) if w e fi o and /x[',+ (/) = if w ^ O . 

Then from [291 Chapter II, Theorem 2.9 and 2.10] we get that Mi/t (/) * s a ca dlag 
modification of Hy t {f) for each / G $ U {/o}, thus Iimt_>oo Mi/t (/) exists for each 
w G r2o- Now write 

//(/) = lim M {)}(/) if w G ft and //(/) = if w £ ft 

for each / e $. Since $ is a dense subset of Co(I), one can extend to Co(I) 
for each w G f2o by letting 

/4/|0) = 1™ A*i/t (/)> 5 e Co GO 

(this limit does exist because for any /i,/2 G $ and r G Q we have |/i{y r (/i) — 
t l [ /r {f2)\ < /4/ r (/o)ll/i-/2||oo)- This defines a right-continuous version of (n[ /t )t>o- 
Then, since the positive linear forms Mi/t are bounded in norm by fJ-^'uifo) an d 
converge over the dense family $, they converge. This defines a measure [i 1 as the 
weak limit of /-tf'/t for each uj £ Oqj hence the conclusion. □ 
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For the weak limit p} we have: 

Lemma 1.3. For I, J £ X, /i 1 o f7j and have the same law, where fi t j : t € 
/M-inf J+(t-M I)\J\/\I\. 

Proof. Due to the scaling property of A we have that 

and {q(V € { J|/m (x),x e j} 

have the same law. This implies that 

{lA/t° fi,j,t >0| and {fJ.\z\/(\j\ t ),t> 0} 

have the same law, and so do fi 1 o fj~j and /i' 7 . □ 

Now we come to the scaling property of fi 1 . Due to (|1.7[) . for any fixed compact 
subinterval J <Z I and £ > we have the decomposition 

(1.11) Q{Vl /t {x)) = Q(V J (J)) • Q(V\ J mm (x)), x e J, 

hence 

(M(/t)|J = l5Q(V J (^))-Mfj|/(|i|t). 

almost surely. Consequently this holds almost surely simultaneously for any at 
most countable family of such intervals J, but a priori not for all, since A is not 
almost surely a signed measure. This along with Lemma 11.21 and its proof gives 
simultaneously for all compact intervals J of such a family the following decompo- 
sition 

(1-12) (//),., = -^Q(FV))V 

almost surely, where (i 1 o fjj has the same law as fj, J , and it is independent 
of Q(y 7 (J)) (the fact that is continuous assures that the weak limit of fi^ t 
restricted to J equals /j, 1 restricted to J; the right-continuous modifications of 
(A*i/t)*>o an d the (M|j|/(|/|t))t>o ar e built simultaneously, and the convergence of 
implies that of Miji/dm))- However, (|1.12p also holds almost surely simulta- 
neously for all J G X with J a I when a — and the Levy measure v satisfies 
J 1 A jit j v(du) < OD. Indeed, in this case A is almost surely a signed measure, which 
makes it possible to directly write ([1.11)1 almost surely for all J € I with J C I and 
for alH > (notice that in this case we easily have the nice property that almost 
surely Q(Vy t (x)) is cadlag both in x and t). 

We notice that (11.12)) implies (11.1)1 (see Section [L5l for details), but we also have 
now the following new equation giving W^W as a weighted sum of its copies: given 
k > 2 and mini = sq < ■ ■ ■ < Sfe = max/, for j = 0,- • ■ , k — 1 write /j = [sj, Sj+i]; 
provided that si, • • • , Sk-i are not atoms of fi 1 , we have almost surely 

(i.i3) IIm1 = £^-Q(^)) -11/^11, 

where for each j, ||/i 7 j || is independent of Q(V ! (Ij)) and has the same law as \\fi \\. 
This equation will be crucial to get our main results. 
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Another interesting equation is the following. For I <El let 

I = [min(/),min(7) + |7|/2] and h = [min(7) + \I\/2, max(J)]. 

One can also define loo an d Iqi in the same way for Iq. Then, provided Iqq H /oi is 
not an atom of /z /o , we have 

(1-14) (//),/„ = \ ■ Q(^(/o)) ■ ((M Zo )|/oo + (/°W)> 

where (fJ- Io )\i m o fJ o ] Ioo and (fJ. Io )\i 00 ° fJ ] Iol have the same law as (// )|/ , and they 
are independent of ^Q{V 2 (Io))- 

It remains to prove the following lemma. 

Lemma 1.4. Almost surely /i 7 has no atoms. 

Proof. We can assume that / = [0, 1]. We start with proving that 1/2 is not an 
atom. Let (f n )n>i be uniformly bounded sequence in Co([0, 1]) which converges 
pointwise to I1/2, and such that supp(/ n ) C [1/2 — r) n , 1/2 + rj n \ with 1/2 > rj n J, 0. 
Then 

E(/({l/2})) < lim infE(/ (/„))< liminf liminf E(/i[ /t (/„)) 

n— >oo n— too it— too 1 

= liminf / f n (t) dt < liminf 277 n ||/ n || 00 . 

n— too J n— too 

So E(^({l/2})) = 0. 

The fact that 1/2 is not an atom of /i 1 yields the validity of (I1.14[) . Denote by 

fx = (//)|/ , juo = (/°)|7 00 , Mi = (/°)|/ 01 and W = |Q(y J (J )). From (TH we 
get 

/i = T¥ • Cpo + mi). 

Due to Lemma 11.31 we know that whether fj, 1 or fi having an atom is equivalent. 
Let M be the maximal /I-measure of an atom of fi, and let Mj be the maximal 
Mj-measure of an atom of //j for j = 0, 1. We have M = W max(Mo, Mi), where 
W is independent of (Mo, Mi), has expectation 1/2 and M, Mo, Mi have the same 
law. Thus 

E(M + Mi)/2 = E(M) = E(Wmax(M , Mi)) = E(max(M , Mi))/2. 

This implies that, with probability 1, if Mj > then Mi_j = for j e {0, 1}. 
However, {Mj > 0} is a tail event of probability or 1, thus the previous fact 
implies that Mo = Mi = almost surely, hence /1 has no atoms (here we have 
adapted to our context the argument of [6j Lemma A. 2] for canonical cascades). □ 

1.4. Main results. Without loss of generality we may take / = [0, 1]. For conve- 
nience we write fj, — fj)- ' 1 ' and Z = \\fx\\. For q G l v define 

<p(<i) = ^(-n) - (9- !)• 

Notice that if we set 

W = Q(V™ ([0,1/2])), 
then this function coincides with that of (|1.2p for canonical cascades. 
For the non-degeneracy we have 
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Theorem 1.1. The following assertions are equivalent: 

(i) E(Z) = 1; (ii) E(Z) > 0; (Hi) <p'(l~) < 0. 

Moreover, in case of non- degeneracy the convergence of ||Mi/{II t° Z holds in L 1 
norm. 

For moments of positive orders we have 

Theorem 1.2. For q > 1 one has < K(Z q ) < oo if and only if q € I v and 
¥>(«) < 0. 

When Z has finite moments of every positive order we have 

Theorem 1.3. (1) The following assertions are equivalent: (a) < E(Z 9 ) < oo 
for all q > 1; ((3) a — 0, and v is carried by (— oo, 0], J_ 1 A |x| v(dx) < oo, and 



v{dx) < 1. 



logE(Z^) 
hm = 7. 

9^00 q log q 



Remark 1.1. Under ((3) we have forqeR and W = Q^ ' 1 ! ([0, 1/2])) that 







E(VT 9 ) = exp i 97 + / (e^ 1 - 1) v(dx) log 2 



which means that log W is the value at 1 of a Levy process with negative jumps, 
local bounded variations, and drift 7 log 2, hence log 2 ess sup(W) = 7. This gives 
in case (2) that 

logE(Z«) , v 

lim - = log 2 ess supttv) < 1, 

9-s-oo q log q 

which coincides with Kahane's result (|1.4|) for canonical cascades. 

In the case where E(Z 9 ) = 00 for some q > 1 we have 

Theorem 1.4. Suppose that there exists £ £ I v n (1, 00) such that f(C) = 0/ in- 
particular one has <//(l) < 0. Also suppose that tp'(£) < 00. 

(i) If either a 7^ or v is not of the form J2nGi.P n ^ nh f or some h > 0, then 

lim x c ¥(Z >x) = d, 

where 

, 2E( M ([0,l])C-V([0,l/2])- / i([0,l/2])C) 

d = 7 777vi — o e 0,oo . 

Cv'(0 log 2 

(ijj If a = and ^ is 0/ £/ie /orm SriezP"^™^ / or some h > 0, then 
< liminf x c P(Z > x) < limsupa; c P(Z > x) < 00 

Remark 1.2. From the proof (Remark \6.1\) we know that in case (i), when £ = 2, 

d = W(2), 

which provides us with a family of random difference equations whose solution has 
a explicit tail probability constant. See [TT] for related topics. 

For moments of negative orders we have 
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Theorem 1.5. Suppose that <p'(l ) < 0. Then for any q e (— oo,0), E(Z 9 ) < oo 
if and only if q G l v . 



For the Hausdorff and packing measures of the support of fj, we have 
Theorem 1.6. Suppose that cp'(l) < and ip"{\) > 0. ForbeR and t > let 



t —f'{l) e b^lo S + (1/t) log+ log+ log+ (1/t) _ 



Denote by H^ b and V^ b the Hausdorff and packing measures with respect to the 
gauge function ipb (see |12j for the definition). Then almost surely the measure fi 
is supported by a Borel set K with 



oo, 
0, 



ifb> yy^T) , 

tfb< y/WJX), 



V* h {K) 



X, 

0. 



lfb> 

ifb< 



-^¥(i). 



1.5. Connection with Bacry and Muzy's construction. We may use other 
shapes for the cone V to define V(t) — V + t, for example the one used in [2] to 
derive the exact scaling property described in the introduction. The advantage of 
the present form is that it naturally yields (I1.12[) and (|1.13p , hence the exact scaling 
(|LT|) . with n x = A(V^°' T 1([0, AT])) if n = ^°> T \ Indeed, for a fixed interval J, the 
measure fi 1 has the same law as the restriction to [0, T] of the measure defined 
from the cone V T used in [2] for T — |/|, which is drawn on the picture (Figure 
[2]); this follows from an elementary geometric comparison between the two kinds 
of cones and the horizontal stationarity of A; otherwise, one can mimic the proof 
of Lemma 1] to get the joint distribution of the A measures of any finite family 



of cones the (W ' (^i), ■ ■ ■ , W ' (t q )) and find it coincides with the one obtained 
with the cones (V e T (^i), . . . , V^{t q )). 





t T 

(A) V^ T \t) 

Figure 2. The gray areas for the corresponding sets. 

Using the cones of Figure [2b] yields a measure on R + , by considering the vague 
limit of Q(yT(t)) dt, whose indefinite integral increments are stationary. How- 
ever, there is no long range dependence between the increments of the indefinite 
integral of this measure, since two cones have no intersection when associated to 
points away from each other by at least T. Notice that this measure can also 
be viewed as the juxtaposition of the limits of (Q(V^(t)) dt)|[„ T ,( n+1 ) T ] , n e N. 
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Similarly, consider the measure fj, over R+ obtained by juxtaposing the limits of 
(Q(V r i nT,( " +1)T) (t))dt)| [ „ T: ( n+1)T] . Then, only the process n{[nT, (n + l)])„ eN is 
stationary, but it has long range dependence: in case of non-degeneracy, if we 
assume that ip{—i2) < oo, a calculation shows that 

/ ,r in n , \~w 2ib(-i2)T 2 
cov( M ([0, T] ) , n([nT, (n + 1)] ) ~„^oo - ^ ' , 

so the series J2n>o cov (m([0; T]), fJ,([nT, in + 1)]) diverges. 

2. Preliminaries 

Let S = {0, 1} N + be the dyadic symbolic space. For i = ixt2 ■ • • G E and n > 1 
define i|„ = i± ■ ■ ■ i n . Let p be the standard metric on E, that is 

p(i,j) = 2- inf {"^ 1:i l"=jl">, i,j g S. 

Then (S, p) forms a compact metric space. Denote by B its Borel er-algebra. 
For i = ii%2 ■ • • € S define 

oo 

7T(i)=5>2-j\ 
3=1 

Then 7r is a continuous map from S to [0, 1]. 

For n > 1 let £„ = {0, 1}™, and use the convention that Eo = {0}. 
For n > and i = i\ ■ ■ ■ i n € S„ define 



[i] = {i e E : i|„ = i} and = 7r([i]), 

with the convention that i\ ■ ■ ■ io = 0, [0] = E and Ig = [0, 1]. 
Denote by E* = U„>oE„. For i€ E, define 

W l = Q(A(y J (7i))) and Z j; = ||/x^||. 
Then from (|1.13l) we have for any n > 1, 

(2.1) 2"Z = J] WiZi, 

«es„ 

where {Wj, i G E„} have the same law, {Zi,i £ E„} have the same law as Z and 
for each i € E„, and Zj are independent. 

3. Proof of Theorem 11.11 

3.1. First we prove (i) <^> (ii) and the L 1 convergence. Clearly (i) implies (ii). We 
suppose that E(Z) = c > 0. For any positive finite Borel measure m on I and t > 
define 

mt{f) = ±J f{x) ■ Q{Vl Jt {x)) m(dx), f e C Q {I). 

Following the same argument as in Lemma II. 2\ m t is a measure- valued right- 
continuous martingale, thus the Kahane operator EQ: 

EQim) = E ( lim m t 

\t— voo 

is well-defined. Denote by I the Lebesgue measure restricted to [0,1]. Then we 
have EQ(£) — cl since E(limt_ >00 £t(J)) = ci(J) for any compact subinterval J C I. 
From 17 we know that EQ is a projection, so EQ(EQ(£)) = EQ(£). This gives 
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c = c 2 , hence c = 1. Consequently, since the limit of the positive martingale ||//{/ t || 
with expectation 1 has expectation 1 as well, the convergence also holds in L 1 norm. 

3.2. Now we prove that (ii) implies (iii). From (|2.1I) we have that 

(3.1) 2Z = W Z + W 1 Z 1 . 

Assume that E(Z) > 0. For < q < 1 the function x M- x q is sub-additive, hence 
(j3~Tj) yields 

(3.2) 2 q E(Z q ) < E(W ( 1Z q ) + E{W? Zf) = 2E(W$)E(Z q ). 

Since E(Z) > implies E(Z q ) > 0, we get from (|3T2j) . (fTTT0|) and LemmaOthat 

2 9 < 2E(Wo 9 ) = 2e^ i -- iq)lo&2 = 2^- l ^ +1 . 

This implies ip < on interval [0,1], and it follows that < 0. To prove 

(p'(l~) < we need the following lemma. 

Lemma 3.1. Let Xi = WiZi for i = 0,1. There exists e > such that 
E(X«l {X() < Xl} ) > eE(A 9 ) for < q < 1. 

Proof. If E(Xq l{jf <js: }) is strictly positive for all g € [0, 1], then it is easy to get 
the conclusion, since both expectations, as functions of q, are continuous on [0, 1]. 

Suppose that there exists q G (0, 1] such that E(Xq1^ Xo <x 1 }) = 0, then almost 
surely either Xq > Xi or = Xq < X\. Due to the symmetry of Xq and X\ this 
actually implies that almost surely either Xq = X\ = 0, or Ao = 0, X\ > 0, or 
Xi = 0, X > 0. This yields 

2 q E(Z q ) = E(A 9 ) + Epf?) = 2E{W$)E{Z q ) for < q < 1. 

So we have ip(-iq) = q — 1 for q G [0, 1]. Then from -^ip(-iq) = we get that 
(T 2 = and = 0, which is a contradiction to our assumption. □ 

Now as shown in |18j . by applying the inequality (x+y) q < x q +qy q for x > y > 
and < q < 1 we get from (|3.1|) and Lemma [37X1 that 

2 <? E(Z <? ) < 2E(Wg)E{Z q ) - (1 - 9 )eE(T^ 9 )E(Z <? ). 

This implies 

rtq)+tog(l-Q-^) >0on [0,1]. 
Then it follows that ^'(l") - (e/21og2) < 0, thus ip'(l~) < 0. 

3.3. Finally we prove that (iii) implies (ii). Assume that ip'(l~) < 0. For i e S, 
and n > 1 define 

Also denote by Y n = /j,^_„(I). Then for any m > 1 and n > to + 1 we have 

(3.3) Y n = 

We need the following lemma from [18| . 



14 



JULIEN BARRAL AND XIONG JIN 



Lemma 3.2. There exists a constant qo G (0, 1) such that for any q G (qo, 1) and 
any finite sequence X\, ■ ■ ■ ,Xk > 0, 



E ^)'- £ 4-(i-?)E(^i) 9/2 - 

Applying Lemma [3721 to f|3.3p we get for any q £ (go, 1), 
Taking expectation from both side we get 

(3.4) E(Y«)> E E(y^)-(l-g) E E (^,fO 
Let 

Ji = {(i ) j)€E^:dist(7 i ,7 i )=0} 
Ji, = {(i ) i)€E^:dist(7 i ,7 j )>2— }. 

It is easy to check that #Ji = 2(2 m - 1) and #J 2 = (2 m - l)(2 m - 2). Then by 
using Holder's inequality we get 

E E ( Y S Y S) = E nyS Y S)+ E ^ Y S Y i 2 ) 

(i,j)eJi {i,3)ej 2 

(3.5) < 2(2™ - l)E(r» ) + E E ( y n,f^,f) ; 

where we denote by = • • ■ G S m . We need the following lemma: 

Lemma 3.3. There exists a constant C such that for any (i,j) G Ji and q G (0, 1), 

HYnf Y nI) ^ C ■ 2 (1+¥,(9)) ™ • E(/4 6 _„(/g)9/ 2 ) 2 . 

This gives 

E ^{Yn,i Y nJ) < ( 2 ™ " !)( 2m - 2) • C • 2( 1+¥, ^» m • E(^°_„(/ D )«/ 2 ) 2 . 

First notice that ^2-»(^b) has the same law as Y n _ m . Then combing (|3.4j) and 
([33]) . and using the fact that E(Y„ 9 ) < E(Y~„ 9 _ m ) < 1 we get 

1 _ p~y(<?)™log2 
E(F " } " 2 + C(2T " " J ■ 

By letting q — > 1~ we obtain 

V(l-)mlog2 < 2 + C(2" 1 - l)E(r„ V2 „) 2 . 

Choose m large enough so that y/(l~)mlog2 + 2 < 0, we get inf n >i E(F,y 2 ) > 0. 
Consequently E(Z^ 2 ) > 0, thus E(Z) > 0. □ 
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3.4. Proof of Lemma 13.31 The proof can be deduced from [2] Lemma 3, p. 495- 
496]. For reader's convenience we present one here. Write 

V 2 I - n (t) = V 2 I - m (t)UV™(t), 

where V™(t) = V 2 L n (t) \ V 2 L m {t). Define the random measure 



l%(t) = ±-.Q(V?(t))dt, tel. 



Then for i G £ m we have 



a4--W< (™p^-- ( * )} )aCW- 



Notice that for (i,j) G J%, and fJ.™(Ij) are independent, and they are inde- 

pendent of sup teJ . e A(V 2-™(*)) and sup teJ . e K{y *-™ {t)) . Thus 



, . ■ teii 



,(«))/2 



1/2 



e gA(y/_ TO (t)) 



(3.6) < n E (<w 9/2 )- n e ( n su p 

where the last inequality comes from Holder's inequality 

Take J G with J = [to,ti]. For i G J we can divide V 2 L m (t) into three 

disjoint parts: 

(3.7) V£ m (i) = V J (J) U F J ^(i) U 
where 

T/ J >'(i) = {z = x + iy£V(t):2- m <y<2(t 1 -x)}, 
V J ' r (t) = {z = x + iyeV(t):2- m <y<2(x-t )}. 
We need the following lemma. 

Lemma 3.4. Let s G For q G l v there exists constant C q < oo such that 



ELnpe^'^A <C q ; 



For q G K £/iere exists constant c q > suc/i i/iai 

E(infe« A ^ J ' s W) ) >c, 



y te.J 

By using Lemma l3~4l we get from Q3.7P that for q G Jj, PI (0, oo), 

(3.8) E ^upe*^-™^ < C 2 • E(e ?A ( y/ ( J ») = C\ ■ 2 m ^~^ . 

Also notice that for t G J we have 

F„ ro (i) U y J ' z (t) U V J - r (t) = V^_„(i). 
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So for any q' g K we have 

^-4J) q ' >Vn(J) q ' ■ (mfe«' A ( vJ ' 1 ^ (mie«' A ( vJ ' r ( t A . 
Applying Lemma 13.41 we get that 

(3.9) E (/i™(J) ?/2 ) < c q 2 ■ 2- mq / 2 • E (jii- n {J) q/2 ) . 

Together with (|3.6p and (|3.8[) this implies 

From the prove of Lemma 13.41 one can chose C q c~ x as a increasing function of q, 
and since 1 £ I Vl we get the conclusion by taking C = C 2 c^ 2 . □ 



3.4.1. Proof of Lemma \3.4\ First let q € I v . We have 

E(A(V J '(f)))=aA(V J '(f)). 
From the fact that X(V J ' r (t)) = (t- t Q )/\J\ we get 

where M t = A(V J ' r (t)) — a(t — ti)/\J\ is a martingale. As x (-> e xq l 2 is convex we 
have that e qMt ^ 2 is a positive submartingale. Due to Doob's L 2 -inequality we get 

E f supe« Mt ) < 4supE(e 9Mt ) < 4e laql+w ~ lq)l . 
\teJ ) tej 



This implies 



E^supe^^™) <C q , 



where the constant C q only depends on q. 
Now let q g R. Notice that 

[0,1] 9 t ^ A(^ J < r (i + (*i - io)*)) 
is a Levy process restricted on [0, 1], thus for X q = inf te j e qA ^ yJ ^ we must have 

P{X q > ej > 

for some 1 > e q > 0, otherwise this would contradict the fact that almost surely 
the sample path of a Levy process is cadlag. Then 

E finf e iHV J ' r (t))\ > P { Xq > e q } ■ e q > 0. 
The argument for V J,l (t) is the same. □ 



ON EXACT SCALING LOG-INFINITELY DIVISIBLE CASCADES 



17 



4. Proof of Theorem 11.21 

We only need to prove that for q > 1, < ¥,(Z q ) < oo implies that q € I v and 
<p(q) < 0, the rest of the result comes from [5J Lemma 3]. 
Because the function x q is super-additive, one has 

2 q Z q > W^Z q + WfZf, 

and the strict inequality holds if and only if WqZq — W\Z\. So if WqZq ^ W\Z\ 
with positive probability, then 

2 9 E(Z 9 ) > 2E(W , )E(Z <Z ), 

that is E(Wq ) < 2 q ~ 1 , which implies that q E I v and y>(g) < 0. Otherwise WqZq = 
W\Z\ almost surely, thus cp(q) = q — 1 for all q € /„. This yields that c 2 = and 
^ = 0, which is in contradiction to our assumption. 

5. Proof of Theorem 11.31 



5.1. Proof of (1). According to Theorem ll.2[ (a) implies that I v D [0, oo) and 

(f(q) < for all q > 1. Recall that (p(q) = ip(—iq) — q + 1 and 

ip{-iq) = aq+ -a 2 q 2 + f (e qx - 1 - garl ]a |<i)i/(da:). 

Suppose that i/([e, oo)) > for some e > 0, then one can find constant C\,ci > 
such that 

ip(~iq) > c\e qt - c 2 q 
as g — > oo, which is in contradiction to ip(q) < for all q > 1. It is also easy to 
see that </?(g) < for all q > 1 implies cr = 0. Thus using the expression of the 
normalizing constant a (see (jl.8p ) we may write 

,o 

(5.1) <p(q) = l-q+ / (e^-l + ^l-e*))^). 



— oo 



It is easy to check that the integral term in (|5.1[) is non-negative, and goes to oo 
faster than any multiple of q if J_ 1 A \x\ v(dx) = oo, in which case we cannot 
have <p(q) < for all q > 1. If j"^ 1 A |a;| v(dx) < oo, then 



(5.2) ip(q) = ( 7 - l)q + 1 - / (1 - e«*) ./(da:), 

J — oo 

where 

7= / (1 - e x ) i/(da;). 

J — oo 

Clearly < for all q > 1 implies that 7 — 1 < 0. 

Conversely, if (f3) holds, then l v D [0, 00), since v is carried by (— 00, 0] thus 
/|a|>i eqXv {& x ) < 00 f° r an Y q > 0. We may write (p(q) as in (15 ,2[) . If 7 < 1, then 
limg-j.oo = —00 since f(q) ~ (7 — l)g at 00. If 7 = 1, then 

/-O 

(1 - e qx ) v{dx) > (1 - e x ) v{dx) =7=1 

-00 J —oo 

for any g > 1. Due to the convexity of <p, it follows that in both cases ip'(l) < 
and ip(q) < for all q > 1, hence we get (a) from Theorem 11.11 and Theorem 11.21 
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5.2. Proof of (2). The proof is inspired by the approach used by Kahane in [18] 
for canonical cascades. However, here again the correlations between Zo and Z\ 
creates complications. For the sharp upper bound of lim sup 1 "^^^ ' , we use a 

n— >oc 

new approach consisting in writing an explicit formula for the moments of positive 
integer orders of Z and then estimate them from above by using Dirichlet's multiple 
integral formula. For the lower bound of lim inf lo &f( z 3 W e first show that under 

(/3) the inequality E(/x(I ) VC^i)') > E(p(I ) k )E(jj,(Ii) 1 ) holds for any non negative 
integers k and I, and then follow [18 . 

From (f3) we have that for q > 0, 

,o 

i/>(-iq) = 7 • q - / (1 - e qx ) v(Ax). 

J — OO 

We have almost surely 

M (7)» = lim M e(/) n 

= lim ( [ e^'^dt 

Thus we get from the martingale convergence theorem, Fubini's theorem and dom- 
inated convergence theorem that 

EG«0O n ) = I lim E ( ft e A ( v '^» ] dt x • • • dt n . 

For integers k < j define 

= ^(-!(j-Hl))+^(-i(0'-l)-(Hl) + l)) 
-V(-i(0' - 1) - A + 1)) - - (fc + 1) + 1)) 

3(j-fc-i)»(l_e*) 3 i/(da;). 



o 

— OO 



Fix < t\ < ■ ■ ■ < t n < 1. Then for e small enough one gets from |2j Lemma 1] 
that 

TL TL — 1 TL 

io g E(n e A(y/fe)) )=E e «(i,fc)-io gr ^- 

j=l fc=lj=fc+l 



This gives 
where 



E( M (I) n ) = »!!„ 



/„= / n n (tj-tk)- au,k) dt 1 ---dt T> 



/0<t!<-<t„<l fe=lj=fc+1 

Let us use the change of variables x\ — t\ and x^ — tf- — tfc_i for fc = 2, • • ■ , n. 
Then I n becomes 

i n = n n ( e 11 dxi---dx„. 



xiH hx„<l ,, 



fc=lj=fc+l 2 = fc+l 
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For every integer / define 

H= / e lx (l-e x fv(dx) 

J — oo 

so that 

a(j,k) = Jj-k-i- 

Then we have 

n — l n j f - , ^ n— 1 n—l k+l 

ii ii (e-) =n(ntE^)P'- 

fe=lj=fe+l l=k+l 1=1 k=l j=k+l 

Since Xj G (0, 1), it is easy to deduce that for I = 1, • • • ,n — 1, 

n— i n 

n( e ■'•..<! n> 

fe=l J = fe+1 j=2 

This implies 

I n < [T\ x j) dxi---dx„. 

Jxi+-+x„<l V J=2 7 

Notice that 

n-1 „o 

5>-i= / (l-e^-^ja-e^Kda:)^^. 

|=1 J-oo 

Then we get from Dirichlet's multiple integral formula that 

f n —i' 

/ (11^') dxi---dx„ 

Jii+-+i„<i V J=2 7 

„ n n _ / 

= / (i - e^) ■ ( n^') n ida; 2---dx n 

r(i-7;-i)"' 1 r(2) 
r((«-i)(i-y n _ 1 ) + 2)' 

Since j' n — > 7 as n — > 00, by applying Stirling's formula we finally get 
r logIE(^) 

hmsup < 1 — (1 — 7) = 7. 

,wco n log n 

On the other hand, we have 

n j 

(5.3) = (M/ ) + m/i)) b - e TO i f ": m / ( f °) m ^)"" m 

m=0 

For 1 < m < n — lwe have 

E(,u(/o) m Ai(/i)" _ " 1 ) = m!(n - m)! 

/ II ft (t 3 -tk)- a ^ k) d tl 

J0<t 1 <---<t m <l/2<t m+1 <---<t„<l fe=1 
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Also 

n— 1 n m— 1 m m n n— 1 n 

n - n n n n n n^-**)-^ 

fc=l j=fe+l fe=l j=k+l k=l i=m+l fe=m+l j=fe+l 

m — 1 m Ti— 1 n 

> n n n n fe-**)-^. 

k=l j=k+l k=m+l j=k+l 

where the inequality uses the fact that tj — t}- < 1 and a(j,k) > 0. This implies 
that 

%(/orM/i)"- m ) > E(/x(/ ) ro )E(M(/i)™- rn ). 

Notice that 

E(/i(I ) m ) = 2- m E(W m )E(Z m ) = 2- m 2^(- im )E(^ m ). 

Since 

il)(-im)=jm- / (l - e mx ) u(dx), 

J — oo 

for any e > there exists c > such that for all to > we have 

ip(—im) > (7 — e)m + log(c), 

and using (|5.3|) 

n 

III 

m,\('. 

m=0 



I 

E(Z") > c 2 2^- e)n V - -2- n E(Z m )E(Z n - m ) 

^— ' m!(n — to)! 



> c 2 2 (7 " e) "E(Z rl/2 ) 2 . 

Hence 

logE(Z 2 ") > 21og(c) + (7 - e)2nlog2 + 21ogE(Z"). 

Consequently, 

lQ g E ^ 2 ") > lM£) + (7 _ £)log2 + 1 °g IE ^ 2 "' 1 ) 

2« — 2™ 2™ _1 

> n(7-e)log2 + 2(l-2- n )log(c). 



This easily yields 
for any e > 0. 



. logE(Z") 

hminf > 7 — e, 

n log n 



6. Proof of Theorem 11.41 



6.1. Reduction to a key proposition. In the case of limits of canonical cascades, 
Guivarc'h |14j exploited (|1.3[) to connect our problem to a random difference equa- 
tion one; then Liu [19] extended this idea for the case of supercritical Galton- Watson 
trees, and for this he used explicitly Peyriere's measure. This is our starting point, 
the difference being that now we must exploit the more delicate equation (|1.13l) . 

Recall that 7r(i) = Y^jLi is a continuous map from E to [0, 1). We shall 

use the same notation [i for the pull-back measure /1 o ir^ 1 on E. Let fl' = fl x E 
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be the product space, let T' = J- x B be the product cr-algebra, and let Q be the 
Peyriere measure on (fi', T'), defined as 

Q(^=eQT l B (w,i)A«(di)Y EeF 1 . 

Then (SI', J 1 "', Q) forms a probability space. 
For ijj 6 fl and i € S let 

= X! 2- 1 ^H-l {i | 1=l} , 

ie{o,i} 

S(w,i) = 51 2- 1 w,hz 1 h ■ l {i | 1= i- , 

»e{0,l} 

ie{o,i} 
= Z(w). 

We may consider A, S, i? and R as random variables on (S7', J 1 "', <Q), and we have 
the following equation 

R = AR + B. 

First we claim that R and R have the same law. This is due to the fact that for 
any non-negative Borel function / we have 

Eq(/(JZ)) = E 2- 1 Y, f(Zi)-Wi-Zi 
= W(Z)Z) 

= Mf(R))- 

Then we claim that A and R are independent, since for any non- negative Borel 
functions / and g we have 

E q (f(A)g(R)) = E 2- 1 £ f{W i )g{Z l )-W l -Z l 

\ i£{0,l}" 

= E(f(W )W )E(g(Z )Z ) 
= E Q (f(A))E®(g(R)). 

We first deal with case (i). The following result comes from the implicit renewal 
theory of random difference equations given by Goldie in |13j (Lemma 2.2, Theorem 
2.3 and Lemma 9.4). 

Theorem 6.1. Suppose there exists k > such that 
(6.1) E Q (A K ) = 1, E Q (A K log+ A) < oo, 

and suppose that the conditional law of log A, given A ^ 0, is non- arithmetic. For 

R = AR + B, 

where R and R have the same law, and A and R are independent, we have that if 

Eq ((AR + B) K - (AR) K ) < oo, 
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the 



lim m(R > t) = ^((AR + Br-(ARr) 

t^oo ^ v ; kEq(A k log A) y ' 



It is worth mentioning that the independence between B and R is not necessary, 
while in dealing with classical random difference equations it holds systematically 
and simplifies the verification of crucial assumptions. In our study, it is crucial that 
B and R do not need to be independent because the situation for log-infinitely divis- 
ible cascades presents much more correlations to control than the case of canonical 
cascades on homogeneous or Galton- Watson trees. 

For q € I v we have 

&Q,{A q - 1 ) = 2 1 - q E(W$) = 2?®. 

Take k — ( — 1 then we get Eq(A k ) = 1. From <p'(() < oo it is easy to deduce 
that Eq(A k log + A) < oo. In case (i) we have either a ^ or v is not of the form 
J^n&Pn^nh for some h > and p n > 0, thus the conditional law of log A, given 
A =/= 0, is non- arithmetic. So in order to apply Theorem 16. 11 it is only left to verify 
that Eq ((AR + B) K — (AR) K ) < oo. To do so, we need the following proposition 
(in the framework of canonical cascades such a fact is simple to establish due to 
the independences associated with the branching property (see [HI Lemma 4.1])). 

Proposition 6.1. E(/n(7o)M^i) K ) < 00 ■ 
We have 

Eq ((AR + B) K - (AR) K ) = 2E (( M (/) K - fx{I ) K ) ■ n(I )) ■ 
By using the following inequality 

it is easy to find a constant C K such that 

E Q ((AR + B) K - {AR) K ) < C K E(/i J (J o y (/i) K ). 

Then from Proposition ED we get Eq ((AR + B) K - (AR) K ) < oo. 
We have verified all the assumptions in Theorem 16. 11 thus 

t^oo ^ v ' kEq(A k log A) v ' ; 

Notice that Q(R > t) = J™ xF(Z <E da;). From [H Lemma 4.3] we get 

lim t<F(Z >t)= d '^~ l \ 

It is easy to verify that 

2E(^(J)C-V(/ )- M (J )C) 
(C- l)^(C) log 2 

and this gives the conclusion. 

For case (ii), we may apply the key renewal theorem in the arithmetic case 
instead of the non-arithmetic case used in Goldie's proof of Theorem 2.3, Case 1 
( [151 page 145, line 21]) to get that for i£l. 

f(x + nh) — > d(x), n — > oo, 
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where < d(x) < oo, r(t) = e Kt Q(R > e*) and 



f(x) = / e-^-%{t)dt. 



We have for x + h > y, 



f(x + h) — f(y) = 



z + h 



e -(x+h) _ e -y 



"(y) + e 



> u) du - 



-(x+h) 



> u) du 
> u) du, 



thus 



f(x + h)- e y - x -' l f(y) = e - {x+h) 



> u) du. 



On one hand we have 
e- (a;+ ' l) / u K ■ Q{R > u) du < e - (x+h] ■ e {x+h)K ■ Q{R > e y ) ■ (e x+h - e y ) 

J e y 

= (1 - e y - x - h ) ■ eS x+h '> K ■ Q{R > e v ). 

This gives that 

liminf e ( y+n V K ■ Q(R > e y+nh ) > e -(*+h-»)"(i - e y - x - h )- l [d{x) - e y - x - h d(y)]. 
n— >oo 

On the other hand we have 



-{x+h) 



U 



>u)du > e- (x+ V ■ e yK ■ Q{R > e x+h ) ■ (e x+h - e y ) 



= (1-e 



y-x-h\ yn 



> e x+h ) 



This gives 

lira sup e^"^" • Q(R > e x+nh ) < e (.*+h-v)"(i - e y - x - h )- l [d{x) - e y - x - h d{y)}. 
n— > oo 

From these two estimation we can get the conclusion by using the same arguments 
as in Lemma 4.3(h) and Theorem 2.2 in [15]. □ 

6.2. Proof of Proposition [6711 We have almost surely 



= lim 

e-s-0 



tela 



e Mv'(t)) dt ) . f / e Mv r '(t)) dt 



teii 



Let n > 1 be an integer such that n — l<K<n, so q = K — n + 1 € (0, 1]. Thus 



teh 



A ^^dt) = / e^'^dt 



teh 



teh 



Then we get from Fatou's lemma and Fubini's theorem that 
EO(/o)M-fi) K ) < liminf 

e— >oo 

(6.2) r /«-! . rl 



E [] e A(y/( * fc)) 



; A(V/(*„)) d , 



1/2 



dt --- dt n -t. 
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Denote by so = 1/2, s« = 1 and s± < ■ ■ ■ < s n -i the permutation of ti, ■ ■ ■ ,t n -i. 
Then from the sub-additivity of x i— > x q we get 



'1/2 

For each j = 0, • • • , n — 1 we have 



f 1 -, n ™ — 1 r /" S 7 + l 

J 1/2 J j=0 L J Sj 



e A(V/(t„)) ^ 



< sup e 

Sj <i<Sj_|_i 

< sup e 

<t<Sj_|_i 



gA(v-/(t)ny/(t )) , 



Sj + l 



gA(v/(t)nv/(t )) 



e 



A(v/(t„)\y/(t )) di J 9 

e A(V/(t„)\V/(to)) d , 



where we have used the elementary inequality a; 9 < 1 + x for x > and q £ (0,1]. 
For t £ [0, Sj+i - Sj] define process Y t = e gA ( v e ^( s J+i-*) nv "/(*o)) and its natural 




t s i s J+i 



FIGURE 3. The gray area for V/(s J+ i - 1) n V/(to). 



filtration T t = &(Y S : < s < t). Notice that the set Vj(s j+ i — t) (1 V/(*o) is 
increasing with respect to t (see Figure [3]), thus we actually have 

F t =a(A(V £ I (s j+1 -t)nV e I (t ))). 

For jj € {0, 1} define A, = e^ v ' ^ e^'^. Under the probability 

dP,j = jgpj-jdP we have the following two facts: (1) t H> Ep^(lt) is continuous; (2) 
Y t is a positive submartingale with respect to Tt- The continuity and positivity are 
obvious, so we only need to verify the following: for < s < s + e < Sj+i if we write 
A Si£ = (V/(sj+i — t — e) \ V/(s J+ i — t)) n V/(to) and let m be the corresponding 
power of e A ( As - e ) appeared in D n , then we have 

E Pti (Y s \T s ) = e (^(-%+-))-^(-^))A(A„ e ). Ept)(n |J- s ) 

> E P , ; (r s |j- s ), 

where the inequality comes from the fact that ip(-ip) is an increasing function of p 
on the right of 1 since it is convex and -^^P{~w) |p=i > 0. When to, Sj , Sj+i are fixed, 
we have sup 0<t<s ,. +1 _ Sj . E Pij (Y t ) < oo, thus almost every path of Y t is cadlag (see 
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[29) Proposition 2.6, Theorem 2.8] for example). Then Doob's inequality applied 
with L 1 (7 > 1) yields c = c(-f) such that 

E L*'W\i' I '(i»))[n f ,A(v I , (( t ))j gup e gA(v/(t)nv/(t )) j 



< cE(A f ) 1-1/7 
Thus 



n-l 



E I e ^A(v/(t„)\y/(t ))^ -Q e A(V/( 



r /(tfc))V9TA(v; I ( Sj -)nv-/(to)) 



1/7 



(**)) . 



vfe=0 



s i+i 



< cE(Do) 1 - 1 / 7 



E J] e A ^ v '^ 



)) . e <?7A(v/( Si )nv/(t )) 



\fc=0 



l/ 7 



+ cE(L>i) 1 - 1 / 7 • 



n-l 



1 1/7 



E e A(v/(t„)\v-/(to)) / TT e A(y/ 



(**))V" A ( v '/(8j)nv/(*o)) 



fc=0 



di„. 



For 77, 77' € {0, 1} and t n <E [sj, Sj+i) dchnc 

WA(^i) n V/(t )) + »?A(V/(t n ) \ K 7 (^o)) if 9 < 1, 



A(V/(*n)) 



if Q = 1. 



Then define 



It is easy to see that E(D ) = D 0t0 (t , ■ ■ ■ ,t n ), E(£>i) = Dx,o(to) 1 1 • >*n): 
E f jf e A ^(^)) . e? 7A(v-/fe)nv/(*o)) j = D 0A (t , ■■■,t n ) 



\k=Q 



and 



/ n— ± \ 

E eAC^Ctn)^^)) ( Y[ e A(v/( tfe ))) e9 7A(v/( Sj )ny/ (t „)) = . . . ^ 



fe=0 



Also set 7 g = 7 if q < 1 and 7- = 1 if q = I . We finally get 



I it— X 

E [J e A ^' 



fe)) . 



1/2 



< 2c- £ E(^, )(i 0) - ,t„) 1_1/75 / I>,,i(*o.--- .*n) 1/7 * d *» 

ne{0,l} ^ 1 / 2 

1 



< 4c- / max D„ ,n'(*0) ' • • >*n) dt r , 
'1/2 ":"'e{o,i} ''' 
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Now fix to,-- - ,t n and redefine so = to, s± = 1/2 and s 2 < ■■■ < s n +i the 
permutation of t\,- ■ ■ ,t n . Let j* be such that Sj r — t n . Define 

Pa = 1; 
Pi = 0; 

Pj = l, forj^j*; 
Pj, = r \i m case of q < 1; 
Pj r =1, in case of q = 1. 

, n and j = k, ■ ■ ■ , n + 1 define 

97^' + Ez=fc,... ,j; Sj7 tt n Pl' if 9 < 1,* = and t n £ {sj,s j+1 }; 
J2l=k,- ,jPh otherwise. 

= for k < j. Then by using the same argument as [3J Lemma 1] 
(notice that r ktj represents the power to e v ' ( s ') nV /(»i)\K'(^-i)uK J ( s j+i)) which 
appears in the product n"=o e A( - v '^ ■ e^^'^\ and that A(V/(s fe ) n V/{ Sj ) \ 



For k = 0, • 
and let 



(y/( Sfe _ 1 )uy/( Si+1 )))=iog^ 

Figure S]) we can get 



log- 



n n+1 



log- 



log 



S J+1 — 5 fc-l 



, see 



D V:V '(to, ■ ■ ■ ,t n ) = ^2 k) ■ log — -!- — , 



where 

a(j, k) = ip{-irk,j) + rp(-irk+i,j-i) - tp(-ir k ,j-i) - ip(-irk+i,j). 
Let ip(p) = ip(—ip). By definition of k, we have tp(j>) < p — 1 for all p G (l,n + 9), 




Sfe-l Sfe 



Sj+l 



Figure 4. r^j is the power corresponding to the gray area. 

and ip(n + q) = n + q — 1. Moreover, i//(l) < 1 since tp'(l) < 0, and ?/>(l) = 0. 
Consequently, there exists 6 € (0,1) such i/'Cp) — (1 — ^)(p — 1) f° r P G [l; 77 -]; m 
particular by convexity of i/j we have 1 — 6 > ^'(1)- Moreover, notice that ip(p) < 
for p e (0, 1) since ^(0) = = ip(l) and -0 is convex, and also tp(p) > ip'(l)(p — 1) 
for all p > 0, which yields for p g [0, 1], ip(p) > (1 — 8)(p — 1). Finally, in case of 
<7 < 1, we take 7 > 1 small enough such that qj < 1 and ip(n + q'y) — n+1 = q' < 1. 

(i) If n = 1, that is < At < 1, q — k and ^(1 + (77) = < 1. We have 
so =*o£ [0, 1/2), Sl = 1/2, s 2 = ii G [1/2, 1) and s 3 = 1. 
If q < 1, we have 

fo,o = 1, r Q .i = 1 + 9777', r ,2 = 1 + 97?/ > = 0, r 1<2 = rj, r 2j2 = V- 
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This gives 



Thus 



a(0,l) = i/>(l + qyrf) + $(0) -if>{l) - ^(0) < q', 
a(0,2) = ^(1 + 477/) + ^(0) - ^(1 + ^r/) - ^(r?) = 0, 
a(l,2) = ^fa) + -0(0) - ^(0) - ${ri) = 0. 



fl/2 

E(^(/ )/i(^i) K ) < 4c • / (1/2 - s)~ q ds < oo. 



If q = 1, we have 

^0,0 = r ,i = n t i = r ii2 = 1, r , 2 = 2. 
This gives a(0, 1) = a(l, 2) = and a(0, 2) = ^(2) = 1. Thus 

E(/x(/ )/i(/i)) 



/ / (*i -t ) _1 di dti =log2 < oo. 

JO J 1/2 



Remark 6.1. _ffere we /iaue an equality since when q is an integer we do not 
need to use Doob's inequality to estimate (|6.2[) and we can apply the martingale 
convergence theorem and dominated convergence theorem as in Section I5.£l The 
identity E(/i(/o)Ai(A)) = log 2 yields the precise formula in Remark \l.2[ 



(ii) The case n > 2 is more involved. For 0<fc<j<n + l, write 

a{j, k) = (3(j, k) - /3(j, k + 1), where f3(j, k) = if{r k ,j) ~ if(r k ,j-i). 

Then 

n n+1 1 n n+1 



E E aC?,*)-log— 7" = E E (0O\*)-/9C7. * + i°g — 

fc=0j=fc+l Sj Sfc k=0j=k+l Sj s,c 

n+li-l , 

E E fc ) - w> fc + !)) • lo § — 



where 



3=1 fc=o 



n+li-l _ 

ft ft 

n+1 -. n+1 



s = e °) • lo s — ^— . c = - E • Jog — - — 

3=1 3=1 
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Now, using the definition of (3(j, k) we get 

n 71+1 

^=E E ^ fc )- lo s : 



n Ti+l 

Si — Sk 

k=i j=k+i 3 



= ^2ip{rk,n+i) - log 



Sn+1 — gfc-1 

, , «n+l - Sk 

k—i 

n n 



E^( r ^) ' lo g 



1 ~ s _ s ~ 1 

S = V(r ,„+i) • log h ip(ro,j) ■ log — — - ip{ro,o) • log 

s„+i - so sj - s si - s 

" ~ 1 

First notice that rjj e {0, 1} for j = 1, • • • , n, thus C = 0. Let i/>(r) = (1 — <5)(r — 1) 
for r > 1 and V'(O) = 0. We have 4>{r) < ip{r) for 1 < r < ( — q, and ip(n + qj) = 
n — 1 + q' = %jj{n + q 1 ) + S(n + q' — 1) if q < 1, as well as ip(n + q) = n + q — 1 = 
V>(n + q) + <5(n + g — 1) if q — 1. Now, define formally A and B as yl and B, by 
replacing ii> by ip. Notice that all the log — — and ( log s '~^- i - log S3+1 ^ fc ~ 1 ) 

Sj Sk y Sj s^ s j + i s k J 

are positive. Then, remembering that ru„+i = n + q^ q and rewriting ^(ro, n +i) = 
S(r' Q +1 — 1) + V+o.n+i) m expression B, where r' n+1 = n + q' if q < 1 and 
r' n+1 = n + q if q = 1, and remembering also that ip(rjj) = ip( r j.j) f° r J ' — 0, • • • , n 
since rjj e {0, 1}, the previous inequalities between ip and V> yield: 

V V a(j,fc)-log < 6{r> 0>n+1 - 1) • log + 

Now define /3(j, k) :— V+fcj) — ip(rk,j-i)- It is easy to see that f3(j, k) < 1 — S for 
0<fc<j<n + l since r^.j — ^fe,j-i < 1 (when q < 1, we have chosen 7 small 
enough such that (77 < 1). Thus 

n+1 j—1 n 

^=EE fc ) • lo § fl ^ zi < (i - ^) E lo s Sj 50 



. , S k I St , Sj— 1 

j — 1 fc— j — 1 

n+1 



B = V % 0) • log < (1 - ,5) V • log 

This gives 

A + B< (l-«5)^log— , 
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and bounding ro, n +i — 1 by n (we have chosen q' < 1), we get 

n n+1 _^ _^ n+1 ^ 

y] y] a(j,k) -log <nS- log h (1 - <5) V log . 

in in Sj - Sk S n +1 - S ^— ' Sj - Sj-1 

k=0 j=k+l J j = l J J 

One has 

1 ' 2 /" ds n +\ds n ■ ■ ■ ds 2 dsn 



Jl/2<s 2 <-<s„ + i<l (s n+ i-s ) n [(s„ + i-s„)~ (s 2 -l/2)(l/2-s )] 



1/2 



^1/2<s 2 <---<s„<1 JO 



duds n ■ ■ ■ ds 2 dsn 



(u+s n ~s„) n5 [u(s n -s n - 1 )---(s 2 -l/2)(l/2-s„)] 1 - 



1 [ 1/2 [ /•(!-«») dvds n ■ ■ ■ ds 2 ds 



$ Jo Jl/2<s 2 < - <s n <lJo (v 1 / s + s n -sa) nS [(s n -s n - 1 )-(s 2 -l/2)(l/2-s )] 1 

2 n / s f 1/2 f /-(i-^) 4 dvds n ■ ■ ■ ds 2 ds 



< 

'l/2<S2< - <s„<l ^0 



< 



2 n / 5 /- 1/2 /• ds n ---ds 2 ds 



(n - 1)5 y yi/ 2<;! 2<---< s „<i (s n -so) ( "" i)i5 [(s n -^-i)---(s2-i/2)(i/2- ;!0 )] 1 - 

< 

^ 2 ( n +...+2)/5 ^1/2 ^ 



(n-l)W 7 A/ate-aoWte-l/aXl^-ao)] 1 -* 

2 („+...+2+l)/5 ,1/2 2 ^ 

< 7- TTi / log ■ 



(n-1)! 7 6 1/2 -.so (l/2- So ) (1 - 5) 
< oo. 

This yields E(/i(I )/i(Ii) K ) < oo. □ 

7. Proof of Theorem 11.51 



The proof follows the same lines as that given in (4 a for compound Poisson 
cascades, and uses computations similar to those performed in |31j to find the 
sufficient condition of the fmitcness. 

Let J = [to, ti] £ I. For t £ J and e < \J\ we have 

V/(t) = V/(t) U V J \t) U V J ' r {t), 

where V; J (t) = V/(t) \ V,j,(t) and recall in Section [Q that 

V JA (t) = {z = x + iy£V(t):\J\<y<2(t 1 -x)}, 

V J > r (t) = {z = x + iy£V(t):\J\<y<2(x-t )}. 

Let s £ {l,r}. Recall in Lemma EQ1 that for q£l v there exists a constant C q < oo 
such that 

(7.1) E^supe^^wA <C q , 
and for q £ R there exists a constant c g > such that 

(7.2) E(m{e^ vJ "^A >c q . 
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Let ]l J e {t) = Q(V/(t))dt, J1 J = \im c ^ and Z(J) = ]2 J (J)/\J\. Then it is easy 
to see that for q 6 I v , 

E(Z(J) q ) < oo E{Z{J) q ) < oo. 

and for q £ K, 

E(Z(J) q ) <oo^> E(Z(J) q ) < oo. 

7.1. First we show that for q £ I V C\ (— oo,0) we have E{Z q ) < oo. Let Jo = /oo 
and J i = It is clear that 

m'U) >mVo) + M J (Ji)- 

For z 6 {0, 1} define 

Vi = V I (J i )n{z£M:Jm{z)<\I\}, 
Vu(t) = V J - l (t)n{z£W:lm(z) <\I\}, 
Vi, r (t) = r'" r Wn{zeH:Im( Z )<|/|}, 

and 

m u = inf e^-'W; m ir = inf e A (^«). 

For i = 0, 1 let [Zj = 4 _1 • rriij • Wi jr • e A ^ Vi \ Then we have 

> U Z(J ) + UiZ(Ji), 

where Z(I), Z(J ), Z{Ji) have the same law; Uq, U\ have the same law; Z(J ), 
Z(Ji) and (J/ojC^i) are independent. So by using the approach of Molchan for 
Mandelbrot cascades in the general case [37J Theorem 4], we only need to show 
that E{U q ) < oo to imply that E(Z(I) q ) < oo, thus E{Z q ) < oo. 
Since q < 0, we have 

U q = • SUp e^o.iM) . sup e flAV .,(t)) . e gA(v ). 

teJo teJo 
Notice that these random variables are independent, so 

E{U q ) = <\T q ■ E (sup e^-^A ■ E (sup e 9iU/ °- (t)) ) • E (e 9A(Vo) ) . 

Then from the fact that q £ /„ and (|7.1[) we get the conclusion. □ 

7.2. Now we show that for q £ (— oo,0), if E(Z q ) < oo then q £ I v . Let Jo = 
inf 7+ 1/|[0, 2/3], Ji = inf 1+ |I|[l/3, 1] and J = inf 7+ |J|[l/3, 2/3]. Then we have 

/i'W <#Vo) + £Vi)- 

For i g {0, 1} define 

Vi = (V I (J t )\V I {J))n{z£W:lm(z) < \I\}, 

Vi,i(t) = y J " l (t)n{zeH:Im( Z )<|/|}, 

Vi, r (t) = V h ' r {t)n{z £W:Im(z) <\I\}. 
Also define V = V 1 (J) H {z £ H : Im(z) < |/|}. Then we get 

Z(I) < e A ( y ) • ( V 4- 1 • supe A ^.'«) • supe^'M) • e A ^> • Z(J) 
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Since q < 0, this gives 

Z(iy > e« A ^ • ( ■ inf e qMViAt)) ■ inf e qA( - v '^ ■ e qA ^ ■ Z(J t ) q 

\i=0,l ' ' eJl 



Taking expectation from both side and using (|7.2|) we get 

E(Z(/) 9 ) > E{e qA ^) ■ 2 • 4T q ■ c 2 . ■ E(e qA ^) ■ E(Z{I) q ). 

Then from E(Z(I) q ) < oo we get E{e qA ( VuVa) ) < 2- 1 A q c q 2 < oo. This yields 
q E I v . ' □ 

8. Proof of Theorem 11.61 

The proof is similar to that of [THJ Theorem 2.4]. 
For i € and j € {0, 1} let wf ] = W lj /W l . 
For n > 1, u 6 O and i G S define 

Thus for any i = i\ ■ ■ ■ i n and i € [i] we have 

n 

= (lI A *(w,i)) --Rn(w,i). 

k=l 

We claim that for any n > 1, A n has the same law as ^4, and i?„ has the same 
law as i?, where A and i? are defined as in the beginning of Section [6.11 moreover, 
A%, ■ ■ ■ , An, R n are independent. This is due to the fact that for any non- negative 
Borel functions f\ , • • • , /„ and g one gets 



E Q \g(R n )l[f 3 (A 

n 

i—ii •••i n (=1} n k—1 / 

n 

= E{g(Z)Z) H 2E(/ fc (Wo)W ) 
fc=i 

n 

= E Q (g(R))l[E Q (f k (A)). 
fe=i 

Under the assumptions we have 

E Q (log^) = 2E(iy log^ ) = y/(l)log2 := p e (-oo,0) 

and 

E Q ((logyl) 2 ) - E Q (logA) 2 = p"(l)log2 := 7 G (0,oo). 
Denote by 5^ = log Ai + • • ■ log A n . By using law of iterated logarithm we get 

S n -nd , _ 
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It follows that for Q-almost all (u, i) E SI x E and all < e < 1, 

/g j\ e n^+(l-e) V^tb log log ri < e S„ < e n/9+(l+e) v^yn log log n 

where the left inequality holds for infinitely many n E N, while the right inequality 
holds for all n E N sufficiently large. We also have the following lemma. 

Lemma 8.1. For < e < 1 one has for Q-almost all (u), i) E 57 x £ and all n E N 

sufficiently large, 

Then the rest of the proof is exactly the same as [TH1 Theorem 2.4]. □ 

8.1. Proof of Lemma 18.11 The proof is borrowed from Lemma 12 in [21]. First 
we have 



Q (I log | > V^e) = Q (Rn > e^) + Q (i?„ < e"^ 

= E(z-l {z > eV ^ } ) +E(Vl {z < e _^ e} 
< E(z.l {z > e ^ e} )+e-^. 
Applying the elementary inequality 5Z n >i -'-{x> x /n} < X 2 we get 



n>l n>l 



< e- 2 E(Z(logZ) 2 ) + ^e 



n>l 

Since ip'(l) < 0, there exists q > 1 such that <p(g) < 0, thus due to Theorem ll.2l we 
have E(Z 9 ) < oo. This implies E(Z(logZ) 2 ) < oo, and the conclusion comes from 
Borel-Cantelli lemma. 
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